Abstract. Recently, it is well known that the conjectural integral identity is of crucial importance in the motivic Donaldson-Thomas invariants theory for non-commutative Calabi-Yau threefolds. The purpose of this article is to consider different versions of the identity, for regular functions and formal functions, and to give them the positive answer for the ground field algebraically closed. Technically, the result on motivic Milnor fiber by Hrushovski-Loeser using Hrushovski-Kazhdan's motivic integration and Nicaise's computations on motivic integrals on special formal schemes are main tools.
1. Introduction 1.1. Throughout this article, κ will be a field of characteristic zero. For m ≥ 1, let µ m denote Spec κ[t]/(t m −1) , the group scheme of mth roots of unity, and letμ be the limit of the projective system (µ m ) m≥1 whose transition morphisms µ mn → µ m are given by s → s
n . An (algebraic) κ-variety is a separated, reduced κ-scheme of finite type; if S is a κ-variety then by an S-variety we mean an algebraic κ-variety X together with a morphism X → S. As in [7] , let Var S be the category of S-varieties, K(Var S ) its Grothendieck ring, and M S the localization of K(Var S ) at [A 1 ] := [A 1 S ]. Also by [7] , a good µ m -action on an S-variety X is a group action µ m × X → X which is a morphism of S-varieties each of whose orbits is contained in an affine subvariety of X, and a goodμ-action on X is an action ofμ on X factoring through some good µ m -action. One can also consider the category of S-varieties endowed with good µ-action and its Grothendieck ring Mμ S (cf. [7] ). In the sequel, the rings M Spec(κ) and Mμ Spec(κ) will be rewritten simply by M κ and Mμ κ , respectively.
If M is one of the previous Grothendieck rings, or M is the Grothendieck ring !K(RES)[[A 
1.2.
Starting from the year 1995 with a talk by Kontsevich at Orsay [16] , and the strong developments by Batyrev [1, 2] , Denef-Loeser [5, 6] , Looijenga [20] , Sebag [25] , Loeser-Sebag [19] , Nicaise-Sebag [21, 23] , Nicaise [24] , Hrushovski-Kazhdan [12, 13] , the geometric motivic integration has risen as a power tool in the study of algebro-geometric objects over κ. The original idea is to relate to a κ-variety X the arc space L(X) on which the motivic measure takes values in a completion of M κ . If Y → X is a resolution of singularities, the induced morphism L(Y) → L(X) is a bijection outside negligible subsets. It gives rise to the fundamental formula of change of variables which expresses the motivic integral on L(X) in terms of that on L(Y). By this formula, Kontsevich showed in his Orsay talk [16] that two K-equivalent n-dimensional smooth proper complex varieties (e.g., two birationally equivalent complex Calabi-Yau varieties) have the same Betti numbers (in fact the same Hodge numbers).
Motivic zeta function, motivic nearby cycles and motivic Milnor fiber are defined by Denef-Loeser [4] in the way using motivic integration. Let f be a regular function on an algebraic κ-variety X of pure dimension d with the zero locus X 0 . Put
let it be endowed with a µ m -action given by s·ϕ(t) = ϕ(st), thus the µ m -equivariant morphism ϕ(t) → ϕ(0) defines an element [X m (f )] in Mμ X0 . Then the motivic zeta function Z f (T ) of f is defined as follows
It is proved in [4] that Z f (T ) is a rational function, and the limit − lim T →∞ Z f (T ) in Mμ X0 , denoted by S f , is called the motivic nearby cycles of f . In the same way, for a closed point x of X 0 , we put X x,m (f ) := {ϕ ∈ X m (f ) | ϕ(0) = x} and consider the motivic zeta function
Again by [4] , Z f,x (T ) is a rational function, and the limit S f,x := − lim T →∞ Z f,x (T ) is the motivic Milnor fiber of f at x. Equivalently, we have S f,x = ({x} ֒→ X 0 ) * S f . Explicitly, it is shown in [4] that
where the classes [Ẽ
• I ] are built by Denef-Loeser [4] from data of a resolution of singularities of (X, X 0 ). Also due to [4] , the previous formula (1) is independent of the choice of resolution of singularities. Now let us go to the formal context. Let X be a special formal κ [[t] ]-scheme with structural morphism f and with reduction X 0 . By [26] , there exists a resolution of singularities of the formal scheme (X, X 0 ), so by using the formula (1), KontsevichSoibelman in [17] defined motivic nearby cycles S f ∈ Mμ X0 and motivic Milnor fiber S f,x ∈ Mμ κ . As explained in Subsection 5.3, if κ is algebraically closed, these are independent of the uniformizing parameter t. By Subsection 5.4, S f (hence S f,x ) is independent of the choice of the resolution of singularities. Remark that this approach also definitely agrees with Nicaise-Sebag's formula of the analytic Milnor fiber [21] , with Nicaise's formula of the motivic volume [24] , and with Jiang's definition of the motivic Milnor fiber of a cyclic L ∞ -algebra [15] .
1.3. In [17] , Kontsevich and Soibelman introduced in an important way the concept of motivic Donaldson-Thomas invariants in the framework of non-commutative Calabi-Yau threefolds over a field of characteristic zero. Among others, the derived category of coherent sheaves on a compact/local Calabi-Yau threefolds is a central object of the investigation. The approach of Kontsevich-Soibelman [17] is to use motivic Milnor fiber instead of topological Milnor fiber as for the classical Donalson-Thomas invariants theory. In particular, Toën [27] developed knowledges of the derived Hall algebra, and based on this, Kontsevich-Soibelman [17] studied the motivic Hall algebra.
The foundation of Kontsevich and Soibelman's theory includes the integral identity conjectured in [17, Conj. 4.4] . The role of this identity is crucial, because, shortly speaking, the existence of the motivic Donaldson-Thomas invariants would be suspended if the integral identity were not proved.
Here is the statement of the integral identity conjecture. Fix a system of coordinates (x, y, z) of the κ-vector space
κ with structural morphism f X induced by f , let Z be the formal completion of A d3 κ at the origin with structural morphism f Z induced by f (0, 0, z). Then the integral identity
1.4. First, let us study the regular version of Conjecture 1.1, that is for a regular function f . This version was already considered in [18] , it was verified when f is either a composition of a polynomial in two variables with a pair of regular functions with no variable in common, or of Steenbrink type. More precisely, the conjecture holds in the valid scope of formulas of Guibert-Loeser-Merle [10, 11] , under certain additional conditions. Herein, we continue the work in the context of localization and under the condition that κ is algebraically closed. 
,0 of Mμ κ have the same image in Mμ κ,loc by localization.
Our proof is strongly inspired from the computations of Hrushovski-Loeser on motivic Milnor fiber [14] using the Hrushovski-Kazhdan's motivic integration [12, 13] . Consider the theory of algebraically closed valued fields of equal characteristic zero ACVF(0, 0) with base structure κ((t)) (see [12] ). According to [14] 
and
Here, by definition, val(x) := min i {val(x i )}. Put
(2)
and prove that HL([X 1 ]) = 0. We partition X 1 along the map X 1 → Γ >0 given by (x, y, z) → val(x) + val(y) into the fibers X 1,γ over γ ∈ Γ >0 . Fix an algebraic closure κ((t)) alg of κ((t)). The action of the group κ((t)) alg [τ, τ −1 ] on X 1,γ by fixing the sum val(x) + val(y) (equal to γ), namely, τ (x, y, z) = (τ x, τ −1 y, z), is a free action. Then the natural projection from X 1,γ to the quotient spaceX 1,γ by this action is a fibration whose fibers are isomorphic as "half-closed" annuli of modulus γ. The image of the class of such an annulus under HL is equal to zero. Then, using appropriate properties of motivic integration, the proof is completed (see Subsection 4.4).
1.5. We also introduce a proof of the integral identity localized when the field κ is algebraically closed. The proof is a combination of the theory of geometric motivic integration and the development of the integration theory for valued fields inspired from the model theory. Geometric motivic integration was defined in the framework of separated formal schemes topologically of finite type, over the formal spectrum of a discretely value ring with perfect residue field, has been first introduced in Sebag's work [25] , and in the framework of the classical rigid analytic spaces by Loeser-Sebag [19] . Some extensions of these constructions in the context of the formal/rigid geometry has also be developed in the works of Nicaise-Sebag [21, 22, 23] and Nicaise [24] . A key tool of [19] , [21, 23] is the concept of Néron models and Néron smoothenings in motivic integration. By using this, Nicaise is able to extend in [24] various results of [19] , [21, 23] to those in the framework of special formal schemes.
Let us consider Theorem 1.3 in terms of [24, Cor. 7.13] (this result extends [21, Cor. 7.7] ) that concerns the motivic volume S(X, κ((t)) alg ), and we have
of the motivic volume under the forgetful morphism only depends on X η and it satisfies the identity
According to Corollary 5.8, MV defines a group morphism from the Grothendieck ring K(BSRig κ((t)) alg ) of bounded smooth rigid κ((t)) alg -varieties to Mμ κ . Decomposing X η into a disjoint union of X 2. Preliminaries on the theory ACVF(0, 0)
In this section, we shall use [12, 13] and [14] as principal references.
2.1. Notation. Let us consider the theory ACVF(0, 0) of algebraically closed valued fields of equal characteristic zero, which has two sorts VF and RV. The language on ACVF(0, 0) consists of
• the language of rings on the VF-sort,
• the language on RV-sort with abelian group operations ·, /, a unary predicate k × for a subgroup, a binary operation + on k = k × ∪ {0}, and • the function notation rv for a function VF × → RV.
The theory states that VF is a valued field, with valuation ring R and maximal ideal m, rv : VF × → RV is a surjective morphism of groups, and the restriction to R (augmented by 0 → 0) is a surjective morphism of rings. For an ordered abelian group A, the structure ACVF A (0, 0) induces on Γ a uniquely divisible abelian group, with constants for the elements of Γ(A). Thus, every definable subset of Γ is a finite union of points and open intervals.
There are identities RV = VF × /(1 + m), Γ = VF × /R × and k = R/m, and an exact sequence of morphisms of groups We also consider the category RV A [n], resp. volRV
for every x in X. Here, by val rv (y) for y = (y 1 , . . . , y n ) ∈ RV n we means the n-tuples (val rv (y 1 ), . . . , val rv (y n )). Let volRV n , resp. in [γ, δ] n , for some γ, δ ∈ Γ A . Let RES[n], resp. volRES[n], denote the full subcategory of RV[n], resp. volRV [n] , such that Γ A -image of its objects is a finite set.
For γ in Γ, we set V γ = {x ∈ RV | val rv (x) = γ} ∪ {0}, a 1-dimensional k-vector space. Let RES denote the generalized residue structure as explained in [14, Subsec. 2.2], it consists of the definable sets V Γ (γ in Γ) and weighted polynomial functions. We also can consider RES as a category whose objects are definable subsets of a finite products of V γ 's and whose morphisms are definable bijections.
The category VF A [n] is by definition the category of definable subsets of ndimensional varieties over K. In other words, an object of VF A [n] is an A-definable subset X of VF k × RV ℓ , for some k, ℓ ≥ 0, which admits a finite-to-one map X → VF n . The category volVF[n] is defined as follows. Objects of volVF[n] are exactly those of
for every x in X outside a variety of dimension < n. The category volVF bdd A [n] is defined to be the full subcategory of volVF A [n] of objects (X, f ) with f (X) bounded.
From now on, we shall omit the subscript A whenever possible. From above categories C[n], one can define the category C[ * ] as the direct sum n≥0 C[n]. If C is one of the previous categories, we shall denote by K + (C) and K(C) its Grothendieck semi-ring and Grothendieck ring, respectively.
From definable VF-sets to algebraic κ-varieties
We shall consider the theory ACVF(0, 0) with base structure κ((t)) in Sections 3 and 4; naturally, we shall define val(t) = 1.
3.1. By [13] , there is a canonical morphism of Grothendieck semi-rings
where ker(Ψ) is generated by [val
, with γ definable in Γ. The subscript 1 means that the classes are in degree 1. By [14] , the restriction of the morphism (3) to
where I ′ sp is the congruence generated by [ 
This morphism induces a morphism between corresponding rings, which we shall also denote by .
3.2.
The morphisms h m andh m . Intuitively, each element of RV has the form αt a with α ∈ k × and a ∈ Γ. Furthermore, if X is a definable subset of RES n , its elements are n-tuples (α 1 t a1 , . . . , α n t an ) where α i ∈ k × and all a i belong to a finite set F . Identifying all the elements of F , X is nothing but a definable subset of the affine variety A For an integer m ≥ 1 and for a bounded definable subset ∆ of Γ n (recall that "bounded" means "two-sided bounded"), putting
one defines a morphism of rings
It is shown in [14, Subsec. 8.2] that, if ∆ is a bounded below definable subset of Γ n , the RHS of (6), now an infinite sum, is an element of
This induces a morphism of rings
one gives rise to a morphism of rings
. Then, composing this morphism with the canonical forgetful morphism
yields the following morphism of rings, also denoted by b m ,
We also consider the morphism
which is the composition of b m with the localization morphism. The tensor product of b m and a m is a morphism
that satisfies the condition that ker(Ψ) ⊂ ker(b m ⊗ a m ). Indeed, let us take a generator u of ker(Ψ), say, u = [val
Then, one deduces that b m ⊗ a m factors into Ψ followed by a morphism
In the same way, the tensor product of morphisms
and the following diagram 
We denote the latter also byh m . In particular, for two elements Y and
3.3. The morphism Υ. We shall recall the morphism Υ which was already constructed in [14, Subsec. 8.5] . Let χ be the o-minimal Euler characteristic defined in [12, Lem. 9.5], and we consider the following morphisms
which are given, respectively, by
. Tensoring of β with α yields a morphism
Similarly, one may define a morphism of rings
which is also denoted by Υ. Proposition 8.5.1 of [14] points out the relation between h m 's and Υ as fol-
, it is a rational function, and one has (7) 3.4. The morphismΘ. Following [12] and [14] , consider a sequence (t m ) m≥1 in a fixed algebraic closure κ((t)) alg of κ((t)) given by t 1 = t, t m nm = t n for n ≥ 1, and set t k/m := t k m , t k/m := rv(t k/m ). Let X be a κ((t))-definable set over RES, that is, X is a κ((t))-definable subset of RV n whose image under val rv is finite. Since the sorts of RES are the k-vector spaces
is a κ-definable subset of k n , that is, a constructible subset of A n κ , and it is endowed with a µ m -action induced from the one on X. In other words, the correspondence X → Y defines a morphism of Grothendieck semi-rings 
Here 
We also denote byΘ the morphism at the level of localization induced by the previous morphismΘ : 
Recall from [14, Subsec. 3] that, given β = (β 1 , . . . , β n ) ∈ Γ n , a definable subset
. . , n, both (x, x ′ ) and (x, x ′ ) + (y, y ′ ) simultaneously belong to either X or the complement of X in VF n × RV m . By [14, Lem. 3.1.1], for any definable subset X ⊂ VF n which is bounded and closed in the valuation topology, there exists a β ∈ Γ n such that X is β-invariant. If β i =β for every i = 1, . . . , n, we shall sayβ-invariant to mean β-invariant for such X. The following definition is also necessary: a subset of RV ℓ is boundedly imaginary if its image in Γ n under the map val rv is bounded. We note that, because the field κ is algebraically closed, every subfield κ((t 1/m )) of κ((t)) alg is independent of the choice of t 1/m (see Subsection 5.3 for proof). The group µ m acts naturally on κ((t 1/m )). Let β ∈ Γ n , and let X be a β-invariant κ((t))-definable subset of VF n × RV ℓ such that the projection X → VF n is finiteto-one. The set X is also assumed to be contained in VF n ×W with W a boundedly imaginary definable subset of RV ℓ , and that X w := {x ∈ VF n | (x, w) ∈ X} is a bounded subset of VF n for every w ∈ W . By [12] , the κ((t 1/m ))-points of X are the pullback of some definable subset
and the projection X[m; β] → VF n is finite-to-one. If every component of β is equal toβ ∈ Γ, we shall write
which lives in !K(RES). Thus, the quantity
−1 ] is independent of the choice of β large enough. By abuse of notation, we also write
Proposition 3.1. Given n, m, ℓ ∈ N and β ∈ Γ n . Let X be a β-invariant κ((t))-definable subset of VF n × RV ℓ such that X is contained in VF n × W with W a boundedly imaginary definable subset of RV ℓ , and that X w is bounded for every w ∈ W . Assume that the projection X → VF n is finite-to-one. Then, we have [14] provides a simple example of X satisfying this proposition. Namely, X is a bounded β-invariant κ((t))-definable subset of X(R), where X is a smooth κ-variety which carries a volume form.
Example 3.2. Let X be a smooth connected affine κ-variety of pure dimension d, and let f be a non-constant regular function on X with zero locus X 0 . Denote by π the reduction map X(R) → X(k). For a closed point x in X 0 , one puts 
By the same argument, we deduce that X 0 , X 1 also satisfy Proposition 3.1. In the sequel, the following equalities will be shown to be true in Mμ κ,loc : 
which is isomorphic as a κ-variety via the morphism t 1/m → t to the κ-variety
we deduce from Proposition 3.1 that
Computation of HL([X
Also, due to the homogeneity of f , namely,
can be written, up to isomorphism, as a cartesian product
where 
is the Hadamard product of two series
it follows that lim
the former has image zero under lim T →∞ , thus
The previous arguments and Proposition 3.1 then deduce that
Computation of HL([X 1 ])
. We recall from Subsection 4.1 that, by definition, X 1 is the following definable set
Clearly, the action of the multiplicative group G := G m,κ((t)) alg on the set
is a free action. Then the canonical projection A → A/G induces a surjective map ρ : X 1 →X 1 , whereX 1 is the image of X 1 under A → A/G. Observe that an element ofX 1 is an orbit
that is, an annulus definably isomorphic to B(0, r) − B(0, r ′ ) for some r, r ′ ∈ Γ, where B(0, r) denotes the non-archimedean closed ball centered at 0 of valuative radius r. 
Note that, for i ∈ {1, 2}, VF di − {0} is the disjoint union I (VF × ) I , where I runs over all the nonempty subsets of {1, . . . , d i } and (VF × ) I means the coordinates corresponding to {1, . . . , d i } − I are removed. Therefore
Letf denote the function onX ′ 1 induced by f . Since the function f is constant on each orbitξ ′ , the intersection ofX ′ 1 with the piece RV I1+I2 × VF d3 can be described explicitly as follows
This proves thatX
For anyξ ∈X 1 , for any (x, y, z) ∈ξ, the quantity val(x) + val(y) depends only onξ, not on the representative (x, y, z). Thus we can consider the functioñ λ :X 1 → Γ >0 defined byλ(ξ) = val(x) + val(y) if (x, y, z) is inξ. Now by putting X 1,γ :=λ −1 (γ) ⊂X 1 , the composition ofλ with ρ : X 1 →X 1 yields a definable function λ : X 1 → Γ >0 such thatX 1,γ is the image of X 1,γ := λ −1 (γ) under ρ. The following is a decomposition of [X 1,γ ] which is important in the end of this subsection. Let ρ γ = ρ| X1,γ and note that, for any γ ∈ Γ >0 , all the fibers of ρ −1 γ (ξ), withξ varying inX 1,γ , are definably isomorphic to A γ , where ). It will be shown that ν is a definable function in the following sense, and one can take its integral over Γ >0 in a reasonable way. To have an idea, let us go to a more general situation. Given a definable subset Γ ′ of Γ, a function Γ ′ → Mμ κ,loc is called definable if the source Γ ′ can be divided into finitely many disjoint definable subsets Γ i , i ∈ I, such that its restriction to Γ i is constant for every i ∈ I. If f is such a function and c i := f | Γi ∈ Mμ κ,loc , then the integral Γ ′ f dχ is defined as follows
where χ is the o-minimal Euler characteristic defined in [12, Lem. 9.5] followed by the localization morphism loc. Proof. First, let us work with the morphisms of rings Ψ and corresponding to (3) and (5). We consider X 1 as a definable subset of VF d × Γ >0 by identifying each point (x, y, z) with (x, y, z, val(x) + val(y)).
′ sp can be presented as follows
, and they are bounded. By applying the morphism Υ in Subsection 3.3, which is induced from the tensor product of morphism β and α thanks to the property that ker(β ⊗ α) is contained in ker(Ψ), one obtains the following
ℓ , and the above formula is then
Similarly, by considering X 1,γ as a definable subset of VF d × Γ >0 , namely X 1,γ is equal to {(x, y, z, γ) | (x, y, z) ∈ X 1 , val(x) + val(y) = γ}, γ ∈ Γ >0 , we obtain the following
The elements ∆ γ,ℓ and W Proof. First, we note that A γ = {u ∈ VF | 0 ≤ val(u) < γ} and it satisfies the assumption of Proposition 3.1; namely, A γ is bounded, κ((t))-definable in VF and 2-invariant. By writing γ = p/q with (p, q) = 1, we have the following:
If n ∈ N >0 is not divisible by q, then HL n ([A p/q ]) = 0. If n = mq, m ∈ N >0 , then, by Proposition 3.1,
where r = min{p, 2q}. Therefore,
This proves the lemma.
Motivic integration on rigid varieties
Let K be a non-archimedean complete discretely valued field of equal characteristics zero, with valuation ring R and residue field κ. We fix a uniformizing parameter ̟ in R 5.1. Motivic integration for a gauge form. If X is a separated generically smooth formal R-scheme topologically of finite type, motivic integration on X was constructed by Sebag [25] and enriched by Loeser-Sebag [19] and Nicaise-Sebag [21, 22, 23] . We can refer to [21, Subsec. 6 .1] for definition of motivic integration of a gauge form ω on X η , which takes values in M X0 , denoted by X |ω|.
A more direct way to define X |ω| is as follows. Let us consider X as the inductive limit of the R m -schemes topologically of finite type X m = (X, O X ⊗ R R m ) in the category of formal R-schemes, where R m denotes R/(̟) m+1 . By Greenberg [9] , the functor Y → Hom Rm (Y × κ R m , X m ) from the category of κ-schemes to the category of sets is presented by a κ-scheme Gr m (X m ) topologically of finite type such that, for every κ-algebra A, Gr m (X m )(A) = X m (A ⊗ κ R m ). Then one can take the projective limit Gr(X) of the system (Gr m (X m )) m∈N in the category of κ-schemes (cf. [9] , [25] , [19] ). It was proved in [9] that the functor Gr respects open and closed immersions and fiber products, and sends affine topologically of finite type formal R-schemes to affine κ-schemes. Notice that the notions of piecewise trivial fibration, cylindrical stable subset of Gr(X) in this context were already introduced in [25] and [19] , in which the latter requires in addition X flat. Let C 0,X be the set of stable cylindrical subsets of Gr(X) of some level. 
for any n ≥ m. Because A is a stable cylinder of level m, it is stable of level n ≥ m, thusμ is well defined. The additivity ofμ is obvious by definition.
Given a cylinder A in C 0,X and a function α : A → Z ∪ {∞} taking only a finite number of values with α −1 (m) in C 0,X for all m. Then one puts
If ω is a gauge form on X η , it admits by [19] an integer-valued function ord ̟,X (ω) on Gr(X) satisfying the previous properties as α. We are now able to define X |ω| to be the integral Gr(X) [A
The image of X |ω| under the forgetful morphism M X0 → M κ only depends on X η , not on X, and it is exactly the motivic integral Xη |ω| defined in [19, Thm.-Def. 4.1.2]. We shall also denote in this article the image by Xη |ω|.
Remark 5.2. If X is a separated generically smooth formal R-scheme topologically of finite type, then X η is a separated quasi-compact smooth rigid K-variety. In fact, Loeser-Sebag in [19, Thm.-Def. 4.1.2] defined X |ω| for any quasi-compact smooth rigid K-variety X and any differential form of maximal degree ω on X.
Generically smooth special formal R-schemes have been considered in [23] . The theory of motivic integration has been systematically developed in that context by Nicaise in [24] . Firstly, let X be a special formal R-scheme, not necessarily generically smooth. By a Néron smoothening for X we mean a morphism of special formal R-schemes Y → X, with Y adic smooth over R, which induces an open embedding Y η → X η satisfying Y η (K) = X η (K) for any finite unramified extensioñ K of K. By [24] , if in addition X is generically smooth, it obviously admits a Néron smoothening Y → X, and in this case one can even choose Y to be a for a gauge form ω on X η . Of course, these are well defined, also by [24] . Note that the integral X |ω| lives in M X0 , while Xη |ω| belongs to M κ .
5.2.
Bounded smooth rigid varieties. If X is a special formal R-scheme, the generic fiber X η is a bounded rigid K-variety. According to Nicaise-Sebag [23] , generally, a rigid K-variety X is bounded if there exists a quasi-compact open subspace Y of X such that Y (K) = X(K) for any finite unramified extensionK of K. If the rigid variety X is smooth, so is Y . The motivic integration on a quasi-compact smooth rigid variety was already defined by Loeser-Sebag [19] (also mentioned in Remark 5.2), and inspired by this, Nicaise-Sebag [23] extend the notion to bounded smooth rigid K-varieties. Their definition is as follows
where ω is a gauge form on X. The integral is well defined, due to [23, Prop. 5.9] .
Given a natural d. Let GBSRig 
is the quotient of the free abelian group generated by symbols [X, ω] with (X, ω) an object of ObGBSRig
whenever (O i ) i∈J is a finite admissible covering of X, O I = i∈I O i for any I ⊂ J. One puts
and defines a product on it as follows
Together with this product, the Grothendieck group K(GBSRig K ) becomes a ring. Proposition 5.3. There is a unique morphism of rings Φ : 
We deduce from definition and [19, Prop. 4 
.2.1] that
This finishes the proof. . If X is a formal R-scheme, we define X(m) := X × R R(m) and X η (m) := X η × K K(m). If ω is a differential form on X η , we denote by ω(m) the pullback of ω via the natural morphism X η (m) → X η .
Let X be a generically smooth special formal R-scheme, ω a gauge form on X η . The volume Poincaré series of (X, ω) is defined to be an element of
This power series has been introduced and studied first in [21] in the context of generically smooth separated formal schemes topologically of finite type over R; in [24] its study has been extended in the framework of generically smooth special formal R-schemes.
Remark 5.4. In general, by [24, Rmk. 4.10] , the volume Poincaré series S(X, ω; T ) depends on the choice of ̟, i.e., on the K-fields K(m). In the case where κ is algebraically closed, however, K(m) is the unique extension of degree m of K, up to K-isomorphism, thus S(X, ω; T ) is independent of the choice of ̟.
For simplicity (and also in our case), we prove this for
Since κ is algebraically closed, all the mth roots of an element of κ belong to κ, thus all the mth roots of α are in κ [[t] ]. Pick one among them and denote this element by α 1/m . The correspondence t 1/m → α 1/m t 1/m defines a canonical isomorphism of κ((t))-fields κ((t 1/m )) → κ((t ′1/m )). Thus, for each m ∈ N >0 , X(m) |ω(m)| (and hence S(X, ω; T )) is independent of the choice of the uniformizing parameter t.
Using resolution of singularities, Nicaise [24, Cor. 7.13] proved that, with the previous hypotheses, and in addition the ω being X-bounded (see [24, Def. 2.11] for definition), the volume Poincaré series of (X, ω) is a rational series. In this case, the limit
is called the motivic volume of X, and its image under the forgetful morphism, S(X η , K s ), which obviously admits the indentity
is called the motivic volume of X η . The latter is a quantity in M κ . Let K(BSRig K ) be the Grothendieck ring of the category BSRig K of bounded smooth rigid K-varieties. It obtains from K(GBSRig K ) in Proposition 5.3 by forgetting gauge forms.
Proposition 5.5. There exists a homomorphism of additive groups
for X a generically smooth special formal R-scheme.
Proof. The morphism MV is defined by
where ω is an X-bounded gauge form on X with X a formal R-model of X. This generically smooth model X can be chosen to be a special formal R-scheme, thus the limit of the series on the right exists (induced from [24, Cor. 7.13] ). That MV is a morphism of groups follows from the property of Φ.
Resolution of singularities.
In what follows, we shall work over K = κ((t)) and
The notions of motivic nearby cycles and motivic Milnor fiber were introduced from the beginning without explaining why they are well defined. We shall discuss this problem in the present subsection. Let X be a generically smooth special formal R-scheme of relative dimension d, and let h : Y → X be a resolution of singularities of (X, X 0 ) (the definition and the existence are referred to [26] , or [24] ). Assume that the divisor Y s is written as i∈J N i E i , where E i , with i ∈ J, are the irreducible components of Y s = h −1 (X s ). Denoting E i = (E i ) 0 for i ∈ J, for nonempty I ⊂ J, one puts
Let {U } be a covering of Y by affine open subschemes such that U ∩E • I = ∅, and on this set, f• h =ũ i∈I y Ni i , withũ a unit on U and y i a local coordinate defining E i . Set m I := gcd(N i ) i∈I . Similarly as in [8] , there is an unramified Galois covering π I :Ẽ
The covering is endowed with a natural µ mI -action good over E
• I obtained by multiplying the z-coordinate with elements of µ mI , thus theμ-equivariant morphism h • π I defines a class [Ẽ
The following is based on Lemma 5.7 and inspired by [17] . Definition 5.6. One defines the motivic nearby cycles S f of the formal function f as an element of Mμ X0 by
Lemma 5.7. S f is independent of the resolution of singularities h.
Proof. This is true withoutμ-action because S(X, 
In what follows we are going to define a canonical µ m -action by which X(m) |ω ( 
S f in Mμ κ . As a consequence, MV is also a morphism of groups of K(BSRig K ) into Mμ κ .
The case of an algebraically closed field
Let us remark that the theory ACVF(0, 0) is valuable for the rigid varieties in the present article.
6.1. Generalized measured categories. In this section, we are interested in volume forms that are more general than those in Section 2, and [12, 13] are still main references. Indeed, first of all, we consider the category µ Γ VF[ * ] of A-definable sets with definable volume forms up to Γ-equivalence. Notice that, for simplicity, we shall write from now on "definable" to mean "A-definable" when A is already clear. Let n be a positive natural number. An object in µ Γ VF[n] is a triple (X, f, α) with X a definable subset of VF k × RV ℓ , for some k, ℓ ≥ 0, f : X → VF n a definable map with finite fibers and α : X → Γ a definable function; a morphism ) consisting of the objects of the form (X, f, 0). Also following [12] , objects of µ Γ RV[n] are triples (X, f, α) with X a definable subset of RV k , for some k ≥ 0, f : X → RV n a definable map with finite fibers, and
The category µ Γ RES[n] is by definition the full subcategory of µ Γ RV[n] such that, for each object (X, f, α), we have that val rv (X) is a finite set. The category µ Γ RV bdd [n] is defined in the same way as previous. For simplicity, we sometimes omit the notation of structural map f in the triple (X, f, α) when it is already clear.
. By [12] , the category µΓ[n] consists of objects which are pairs (∆, l), where ∆ ∈ ObΓ[n] and l : ∆ → Γ is a definable map. A morphism (∆, l) → (∆ ′ , l ′ ) of its is a definable bijection h : ∆ → ∆ ′ which is liftable to a definable bijection val
In 
is defined as follows. For any
where
). This map induces a canonical morphism of semi-rings
where I ′ sp is the congruence generated by [1] 1 = [RV >0 ] 1 with the constant volume form 0 in Γ. We also write for the induced morphism between the corresponding rings.
Let µΓ fin [ * ] be the full subcategory of µΓ[ * ] whose objects are finite sets. There exists a natural map of Grothendieck semi-rings
Namely, it is built from the morphisms be the full subcategory of µΓ bdd [ * ] whose objects (∆, l) have the property that l(∆) is two-sided bounded in Γ. There is in the same way as (3) a canonical morphism of semi-rings
. We define ∆(m) := ∆ ∩ (1/mZ) n and ∆ e := l −1 (e). Putã
where each e-term is equal to zero if me ∈ N. Since l(∆) is two-sided bounded in Γ, the index e of the previous sum runs over a finite set. 
Now, rewriting (16) as
we haveã
Let (X, f, 1) be an object of the category µ Γ RES with f (X) ⊂ V γ1 × · · · × V γn (thus, val rv (f i (x)) = γ i for every x ∈ X). As in [14, Subsec. 8 .2], we definẽ 
for any β ′ ≥ β e in Γ. Letμ denote the motivic measure which takes values in M κ . Then, the RHS of (17) is nothing but loc [A Let X ⋆ be a line bundle over a bounded smooth rigid κ((t)) alg -variety X. The below corollary will be used in Subsection 7.4 for the following rigid κ((t)) algvarieties In this section, K is κ((t)) and R is κ[[t]] with κ a field of characteristic zero. 7.1. Remark. It is worthy to notice that, thanks to Theorem 6.1 and to Corollary 6.2, which express the link between the morphisms MV and HL, we are able to deduce Theorem 1.3 from the proof of Theorem 1.2 given in Section 4.
However, we shall give an alternative computation on the morphism MV in Subsections 7.2 and 7.3. The reason is that below arguments are also valid for every valued field of equal characteristic zero, not necessarily algebraically closed, and that the setting is in Mμ κ . Thus, in the case where we could compute MV([X 1 ]) with X 1 in (18), without the condition that κ is an algebraically closed field, then Conjecture 1.1 would be answered in the most general version. (20) 
